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Effects of Thermal Radiation on the Acoustic
Response of Solid Propellants
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Applied Physics Laboratory, The Johns Hopkins University, Silver Spring, Md.

Theoretical calculations are given for the propellant response function when thermal radi-

ation of the burnt gases is taken into account.

Under the assumption that the gas radiates

as a gray body, it is found that radiation effects may significantly alter the response function at
' low frequencies for the low propellant burning rates that are commonly found at low pres-

SUres.

Thus, this mechanism may offer a partial explanation of the fact that experimental

values for the response function at low frequencies and low burning rates tend to be larger

‘than is expected from existing theories.

The method of caleulation is based on a second-

order perturbation scheme where the perturbation parameter is a measure of the ratio of
transfer by radiation to convective energy transfer.

Nomenclature

(P/m)(om/d2P)G,; see Eqs.(3a)and (Alb)

(1/m)(0m/0Go)pP; see Egs. (3a) and (Ale)

no-flow sound speed (vP/p)/?

constant pressure heat capacity

heat capacity of the solid propellant

constant volume heat capacity

coefficients defined in Eq. (10b)

[CATy — To)/(CpTo + M) [(A — 1)/A]; see Eq. (2¢)

(Ce/Cor)A — 1); see Eq. (2¢)

frequency

A(0G./0m)Ty; see Eq. (A3a)

T(dq/0Ts)m; see Eq. (A3a)

temperature gradient (37 /dx)

enthalpy per unit mass (including enthalpy of reac-~
tion)

enthalpy difference for change of phase (solid to
gas) at temperature T' (positive for endothermic
reaction)

he — CT,

AH(T:) — (Cp — C)T,

h 4+ CuTo

positively and negatively directed radiative heat
fluxes

dimensionless perturbed radiative heat fluxes;
I+=7%14 g%),ete.

conditioning temperature sensitivity index for
steady-state burning, (T¢/m)(om/0T )P

= frequency dependent function for a radiating gas

] oo

o

(]

analogous to the constant j for a nonradiating
gas [see Egs. (20a) and (20¢)]

quantity defined in Eq. (19d)

radiation absorption coefficient

ov = mass flux

Mach number

pressure sensitivity index for steady-state burning,
(P/m)om/oP)y,

frequency dependent function for a radiating gas
analogous to the constant n for a nonradiating
gas [see Eqs. (20a) and (20b)]

pressure

net radiative heat flux directed toward the solid

heat of combustion (positive for exothermic reac-
tion)

molar gas constant

reflection coefficient of solid propellant surface
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entropy

reciprocal length associated with steady-state
radiative fluxes and temperature [defined in Eg.
(8¢)]

reciprocal length obtained from dispersion equation
for a time-dependent radiating gas [see Eq.
(11d)]

time

temperature

velocity

coordinate measuring distance from propellant sur-
face

(B3 + aCpTo)/B3C = 1 4 aCpTo/BX

X -
dimensionless distance or optical depth, 0 kdx

[(A\Go + Go)/m][om/d(NGy + Q)1 To; see Eq. (2d)

(To/m)(0m/0To)(AGo+a0); Se€ Eq. (2d)

ratio of specific heats

(05 Tp*/mCpT)

see Eq. (11e) _

dimensionless pressurep erturbation; P = P(1 + ¢)

(Ty — Tp)/Th _

dimensionless entropy perturbation; S = S + Cpf

heat conductivity

(B 4+ (1 + dor)?

dimensionless perturbed mass flux; m = @1 + w)

frequency dependent functions; see Eqs. (17b) and

(17¢) density

dimensionless perturbed density; p = (1 -+ o)

Stefan-Boltzmann const =~ 1.37 X 10-1% cal/cm?-sec
(°K)*

= characteristic time associated with heat conduction in

I

o

([}
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Il

solid ()\sps/mzcs)

dimensionless perturbed temperature;
¥)

angular frequency 2=f _

dimensionless angular frequency w/ko

conditions far enough from the propellant surface
that the burnt gas properties have assumed
asymptotic values

solid properties far from surface

downsteam edge of flame zone

homogeneous solution to acoustic differential equa-
tion

particular solution to acoustic differential equation

solid phase ;

solid-gas interface C

“cold” side of chemical reaction zone in solid (see
Fig. 1)

steady state L

Fourier component; i.e., F = real [Fe'v!]

zero-order solution for time-dependent quantities

first-order perturbation (in ge®?) solution for time de-
pendent quantities

T = T(1 +
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I. Introduction

HETHER combustion instability occurs in rocket

motors and test apparatuses is determined largely by
the propellant response function.! Much experimental and
theoretical effort has been devoted to understanding pro-
pellant response. Although many practical problems (mostly
those associated with assessing acoustic losses in test cavities)
still hinder accurate experimental determinations, consider-
able progress has been made. Theoretical studies~* of solid
propellant response are characterized by many gross approxi-
mations, but have predicted an order-of-magnitude behavior
with frequency, which agrees rather well with much of the
experimental data.* Unfortunately, not all of the physical
parameters required by the theoretical analysis are known,
éo that a quantitative comparison with experiment is not
possible. Nevertheless, it does appear that the acoustic
response of at least some propellants is significantly larger,
at low frequencies for low operating pressures, than would be
expected on the basis of existing theoretical analyses.

At least a partial resolution of this deficiency by the ex-
tension of existing theory is the goal of the present paper.
In the basic theory of Ref. 1, many well known effects (specie
diffusion, order of reaction, thermal radiation, propellant
inhomogeneity, ete.) are neglected, and the inclusion of any
one effect might substantially modify the result. However,
the relevant addition to the theory must be important at low
frequencies when the pressure is low. The analysis of the
present paper suggests that thermal radiation from the hot
propellant gas may offer an explanation for the apparent dis-
crepancy between theory and experiment. The physical
reasons underlying the choice of thermal radiation effects as
a desirable modification to the existing theory are discussed
at length elsewhere’ and are not repeated here since this
paper is concerned primarily with the analytical aspects of
the problem. The ultimate goal of the current analysis is the
calculation of the propellant response function at the burning
surface for a thermally radiating gas at low frequency. To
attain this goal, the model of Ref. 1 is re-examined using
relevant modifications for a radiating gas at low frequency.
(The analytical methods suited to the low frequency ap-
proximation are those of Ref. 2.)

To facilitate analysis, the simplified model of Fig. 1 is
utilized. Figure 1 shows four zones of interest: 1) the un-
reacted solid, 2) the solid reaction zone, 3) the gas reaction
zone, and 4) that part of the thermally radiating burnt gas
zone which is “visible” to the solid propellant surface. The
model is identical to that of Refs. 1-3 except that: in zone 4
the gas is assumed to emit and absorb radiation, but in this
zone heat conduction is neglected; at the solid surface, the
incident radiative flux is partially reflected and partially
absorbed in a thin sublayer of zone 2; zone 3 is assumed
transparent because it is thin compared to the radiation ab-
sorption length; and finally zones 1, 2, and 3 are assumed
nonradiating because they are very cold compared to zone 4.

In principle, it is necessary to solve the time-dependent
mass, momentum, energy, and radiative flux conservation
equations appropriate to each of the zones, and then join
these solutions properly at each zone boundary. In order
to accomplish the solution, however, various approximations
will be made. A realistic detailed treatment of thermal
radiation and absorption by the burnt propellant gases is a
problem of considerable complexity in itself, and we con-
template with considerable awe the difficulties that would
ensue from appending such complexities to the already quite
intricate problem of the time-dependent response of burning
propellants. As a result, we shall drastically simplify the
description of the thermal radiation and absorption proper-
ties and regard them as governed by a gray body law, ie.,
the absorption coefficient is regarded as independent of the
frequency of emitted radiation, and the emission from each
volume is represented by the product of the absorption co-
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Fig. 1 Schematic model of the burning propellant.

efficient (k) and the emitted radiation from a black body
(6+T%. The departure from steady-state conditions will be
assumed small in order that a linear acoustic perturbation
treatment will be valid. = Further, the solid propellant will be
regarded as incompressible, and the other zones will be as-
sumed sufficiently thin that the pressure may be considered
uniform across them, and thus we may disregard the mo-
mentum conservation equation in the analysis of the acoustic
response of these zones. Other approximations will be made
and discussed in the text.

11. Mathematical Preliminaries

As has been indicated in the introduction, it will be neces-
sary to obtain linear acoustic perturbation solutions to the
mass, energy, and radiative flux conservation equations ap-
propriate to each of the four regions of Fig. 1, and then to
join these solutions by application of appropriate boundary
conditions. The relevant equations are:

Mass
0 = Op/0t + Oom/dx
Energy
0 = /) (pC.T) + ©/0x)[mH — NG+ It —1"]

Positively Directed Radiative Flux

0 =0I%/0c + klI* — 04T
Negatively Directed Radiative Flux

0=0l/0x — k[I~ — 0.T"]

(In the energy equation, the enthalpy per unit mass I in-
cludes the enthalpy of reaction.)

In this section, we shall consider the formulation of the
linear acoustic perturbations, and indicate how the solution
is to be obtained. Each of the zones of Fig. 1 will be con-
sidered in turn.

Zone 1

In the unreacted solid, which is assumed to be incompres-
sible and thermally nonradiating, only the energy conserva-
tion equation need be considered. The solution of this
equation for zone 1 leads directly to a boundary condition,
which will subsequently have to be applied to the next zone.
The equation expressing this boundary condition may be
obtained from the last equation of the Appendix of Ref. 1
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by retaining only the first order acoustic terms and using
Fourier notation. Thus$ ;

NG = TC(To — T (Bo/A) + AGCTo(dTo/Ty) (1)
where
A= @1+ A+ dier)H]

7s = (Nops/Cs2) fio = (d%/m)

Zone 2

The solid phase burning zone is assumed sufficiently thin
that there can be no accumulation of mass or energy within
the zone. With respect to the absorption of thermal radi-
ation by the surface, we shall assume that all the radiation
that is not reflected is completely absorbed in an arbitrarily
thin region. With these agsumptions, it is again necessary
to consider only the energy conservation equation. This
equation may be integrated across the zone to yield a rela-
tionship between the boundary conditions at the two ends
of the zone, namely,

NGy + qo — meCpTy = NGos + mohy — meCTo  (2a)
where
h, = AH(Ty) — (C, — C)Ty = AH(T;) — (C, — C)T.

and g is the radiative heat flux absorbed by the surface.
Taking the linear perturbation of Eq. (2a) and using the
Fourier notation gives

NGy + dgo = [(CoTo + hy — AC(To — T +
[W(Cp — Co)To)(dTo/To) + NdGos (2b)

where i = hy, — C,T..

Equation (2b) expresses the boundary condition to be ap-
plied to the left-hand boundary of zone 3. It may be ex-
pressed in a somewhat more convenient form by eliminating

—
the unknown quantity dGo, with the aid of Eq. (1):

)\dGo + dqo = m(CpTo + (1 — Efio +

wCpTo(1 -+ By (dTo/To) (20)
where

= [(A = D/AICA(T — To)/(C,To + h)]
EZ = (Os/op)(A - 1)

A further relationship expressing the dependence of the
gasification rate on the surface temperature and heat input
to the surface also will be required. - We shall assume that
the pyrolysis rate of the solid is some function of the instan-
taneous values of the surface temperature and of the heat
flux incident on the surface. In the linear perturbation ap-
proxlmatlon this lmphes a linear relationship between [,

dTo, and ()\dGo + dqo), which may be expressed in the general
form

o = aNIGo + dg)/(NGo + @) + B@T/Ty)  (2d)

where « and B are constant pa,rameters characterizing the
solid phase reaction. It is shown in Ref. 1 that in the ab-
sence of thermal radiation effects, @ ~ —1 and 8 ~ 4,/RT,,
where A, is the activation energy for the solid phase reaction,
and it may be assumed that these parameters assume equal or
comparable values in the presence of radiation.

Zone 3

Since the present paper is concerned -primarily with the
relatively low frequency domain, it is possible to achieve a

§ Observe that the notation here is not always that of Ref. 1.
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considerable simplification in the analysis by taking advantage
of the fact that for not too high frequencies, the period of the
acoustic disturbance may be very long compared with the
characteristic times associated with the time dependent be-
havior of this zone. Thus, it will be permissible to carry
out an adiabatic treatment of this zone, analogous to that
carried out in Ref. 2, and we may assume that the rate of
gas phase reaction is some function of the instantaneous
values of pressure and temperature gradient at the left-hand
boundary of the third zone. In the linear perturbation ap-
proximation, this implies a relationship of the form

= Aé+ BdG, (3a)

The quantities A and B are found by taking linear variations
of appropriate steady-state relationships as in Ref. 2. De-
tails of the evaluation of A and B for the present case are
given in the Appendix, where we obtain the results

A = —(n/j)mC.Ts + Fr(C.T./C,T)X]/Das  (3b)
= NX/Dus (3¢)

m[3C + CpTo/B — C.T./5] —
[Far + FrCT./5C,T:1X  (3d)
X =1+ aC,Ty/83% (3e)

DAB =

where Fy and Fr are given by Eqgs. (A3b) and (A3c), and n
and j are the respective steady-state burning rate sensitivities
to pressure and conditioning temperature [see Eq. (A2)].

The characteristic time considerations of Ref. 1 and the
data of the table of Ref. 2 suggest that Eq. (3a) may be
valid for frequencies such that

w S (M)*Cp/10\p

This inequality defines the low frequency regime considered
in this paper.

Recapitulation

At this stage of the analysis, it may be helpful to note that
Egs. (2¢, 2d, and 3) comprise a set of three linear equations

in the five quantities fo, € dTo, dGo, dg. The pressure
amplitude € may be regarded as an independent variable
(since it is the ratio fo/€ which is ultimately to be obtained).
Thus, at this stage, there are three linear equations in four
unknowns. Of course, the final necessary equation will
come from a consideration of the burnt gas region, zone 4.

Zone 4

Solutions for the acoustic field quantities in zone 4 may, of
course, be found by consideration of the mass, energy, and
radiative flux equations. However, it appears to be con-
venient to replace the energy equation with the equation for
conservation of entropy, i.e.,

0 = pT@S/dt) + mT@8/dx) + (/dx)(I+ — -] (4a)

When the mass, entropy, and radiative flux equations are
solved simultaneously in zone 4, the dimensionless Fourier
component of the entropy at the upstream end of zone 4
(subscript fz_?/ can be obtained directly as a function of &,

and fi; and dg;. These quantities may be expressed in terms
of the unknown quantities considered previously.

In order to carry out the linear perturbation about the
steady state, it is convenient to define new variables to repre-
sent the perturbed quantities:

p=p(1+ 0 m = m(l + ) S=8+C,0
IT=JTH1+44d% I==71"(1+9) (4b)
T=T1+4) P=PQl+e
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Some particularly useful relationships obtained by substi-
tution of these definitions into the equation of state P =
pRT and the definition of the entropy increment [dS/C,
(1/v)dP/P — dp/p] are

o =¢/y— 8

y=0+ (v — 1)/vle

Finally, since the absorption coefficient is proportional to
density, & = k(1 + o).

The equations expressing conservation of radiation flux
are somewhat complicated by the fact that the absorption
coefficient is proportional to gas density. This complication
is easily removed by introducing a new variable 2 defined by

z=foxl_cdx

With this transformation and the preceding definitions, the
acoustic perturbation of the conservation equations leads to

(4e)

(4d)

0=1iQE/y — 8 + di/dz (4e)
0 = mC,T(EQ0 + df/dz) + mC,(dT/dz){ g + 6 +
[(y — D/v1e} + @/d)T+3+ — I737) (4D)
0 = (d/dz)(T++) + I+3+ — 40, T8 +
[(y = D/vlel — &y ~ O)(dI+/dz) (4g)
= (d/d)([~87) — 179~ + 40, T*{0 +
[y = D/v]E — /v — 6)(dI~/dz) (4h)

where @ = (w/7k). (Note that Q is independent of z.) In
deriving Eq. (4f), the relationship (dS/dz) = (C,/T)(dT/dz)
is utilized, which is obtained because the steady-state pressure
P is independent of position. Equations (4e-4h) are four
linear first-order nonhomogeneous differential equations with
variable coefficients in the dependent variables 8, f, §+, and
d—. (The equations are nonhomogeneous because € plays
the role of an independent parameter.)

The method of analysis begins with appropriate manipula-
tion of the first-order differential equations [Kgs. (4e—4h)]
to eliminate the variables (7J*d+) and (I=37) to obtain a
third-order nonhomogeneous differential equation in § and
fonly. The resulting equation is then solved simultaneously
with Eq. (4e) to obtain solutions for § and §. Solutions for
the perturbed radiative fluxes can then be obtained by sub-
stituting the solutions for § and f.

A simple procedure for obtaining the desired third-order
differential equation in § and & consists of the following three
steps: 1) obtain a modified form of Eq. (4f) by eliminating
flux derivatives with Egs. (4g) and (4h) and the steady-state
flux equations; 2) differentiate the modified equation twice,
and after each differentiation eliminate flux derivatives as
before and eliminate dfi/dz by using Eq. (4e); and 3) elimi-
nate the time-dependent fluxes from the resulting third-order
equation by using the modified form of Eq. (4f) obtained
in step 1. The term (I* 4 I-), which appears in the result,
is eliminated by using the relationship (I+ + I~) = [mC(dT/
d2) + 20,T%. (This relationship follows directly from the
steady state forms of the conservation equations for energy
and radiative flux.) When the equation that follows from
this procedure is divided by mC,Ts, the result is
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where 6 = (0, Tv/mC,Ts). Examination of Eq. (4i) shows
that it is clearly impossible to continue the solutions for the
acoustic fields without obtaining the dependence of the steady-
state temperature and net radiative flux (¢) on position.

III.

We shall not attempt to obtain & detailed solution of the
steady-state problem, for this would open Pandora’s box a
great deal wider than necessary. Instead, we shall follow
the spirit of Refs. 1 and 2 by availing ourselves of the general-
ity that follows from regarding such quantities as the mean
burning rate and adiabatic flame temperature (which would
be prescribed by a complete steady-state burning theory) as
given quantities. Let us begin by considering the “radi-
ation zone,” i.e., zone 4. The solution to the mass conserva-
tion equation is trivial (M = const), so that the problem con-
sists in obtaining the solutions to the equations expressing
conservation of energy and radiant flux. In terms of the
variable z {see Eq. (4d)], these equations are

Steady-State Radiation

MC(dT/dz) + (d/d2)I+ — I7) = (5a)
dl+/de = —[I* — ¢,T4] (5b)
dl~/dz = 4 [[~ — 04T*) (5¢)

The boundary conditions for z— « are:
T—> T, Z—> ® (6a)
I+ — 6, T z2—> (6b)
I — 0Ty 2— (6¢)

where T, the steady-state adiabatic flame temperature, may
be related to the conditioning temperature, net heat release
by chemical reaction by integrating the energy conservation
equation across all of the zones to obtain

Ty=T.+ [Q — AH(T))/C, (6d)

(where @ is the heat release per unit mass due to gas phase
reactions).

A single differential equation for T may be obtained by
substituting dI +/dz and dI~—/dz from Egs. (5b) and (5¢) into
Eq. (5a), differentiating the result and eliminating the dI/dz
terms with Eqs. (5b) and (5¢), and then differentiating the
result and subtracting Eq. (52). One obtains

C(d*T /de® ~ dT/dz) + 80, T3(d*T/dz2) +

240, T2(dT/dz)? = 0 (7a)
In order to obtain an approximate solution to this equation,
we shall regard the effect of radiative transfer on the tem-
perature distribution of zone 4 as a perturbation. If there

were no radiative effect, T would be spatially uniform, so that
we define a perturbation variable { by the relationship

T=T0+7% lor ¢ = (T — T)/Ts]
and substitute Eq. (7b) into Eq. (7a), to find
A% /dz? — dg/de + S[8(1 + {)¥d*f/d=?) +
24(1 + )2(d¢/dz)?] = 0 (7c)

(7b)

-l - g -w]+ D5 T w(5)]+
S0 e (VG [ 3+ (232
(E(12)+ 2] [T a0 (B ) 0 (Y81 £ T
() (3= e B G o (Y GE) T [187- 1]
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We shall begin by retaining, in Eq. (7¢), only those terms
which are linearin {, i.e., \
a3 /dz® — di/dz + 86(d*/d2?) = 0 (8a)

(It may be noted that & is representative of the ratio of
radiatively transported energy flux to the connectively
transported energy flux, and may be presumed to be small
under conditions such that radiative energy transport may
be regarded as a perturbing influence.) The relevant solu-
tion of Eq. (8a) is

T ~ To{1l + (T — To)/Tsles} = Tol1 + Foe=] (8b)

where o = (T; — T:)/Ts, and s is the negative root of §? —
14 86s =0,1i.e,

s = —(1 + 46 + 86?) + terms proportional to 8¢ (8c)

The quantity {o is just the fractional increment to the burnt

— 70
0= [d/dz i

ATAA JOURNAL

So= (1 = Ry)é + 2(1 — Ry)%* + 0(59) (%)

Equation (8b) for T and Eq. (9a) for g, with ¢, given by Eq.
(9e), constitute the expressions for the steady-state quantities

that are required for the time-dependent formalism as given
by Eq. (4i).

IV. Acoustic Solutions in Zone 4

Now that we have the necessary state-state solutions, we
may return to the acoustie calculations in zone 4 in order to
obtain a fourth equation to solve simultaneously with Egs.
(2e, 2d, and 3a), which will make possible the calculation
of fio/é€. We must simultaneously solve Eqs. (4e) and (4i).
When the expressions for T and ¢ of the previous section are
substituted into Egs. (4i), and terms with coefficients of
higher order than 6% are dropped, these two equations may
be expressed in matrix form by:

0 [(d2/de? — 1)(d/dz + Q) + 86(d2/dz2)]:”: 7 ] - [ s ]5 +

foe g[[—gasﬂ (@) Co@/dzh + Cajas) + oo]][ g] + [-@s T msa)]é + [zﬁw}(”—f}é} (10a)

gas temperature near the ‘“flame,” which arises because of
the absorption of thermal radiation by the propellant sur-
face. Integration of the energy conservation equation across
zone 4 (neglecting the thermal conductivity in this region, as
discussed earlier), yields

So= (T = T0)/T = Go/TC,Ts (8d)

It will turn out, as one would probably expect, that when &
is small, ¢, is proportional to 8. As a result, when Eq. (8b)
is substituted into Eq. (7¢), we see that the solution as ex-
pressed by Eq. (8b) is actually valid through the terms of
order 62. This degree of approximation will suffice for the
present analysis, and, when {ois evaliated, will provide us with
the ‘'mean temperature distribution, which is required for
the evaluation of the time-dependent response as described
by Eq. (4i).

Let us now turn our attention to the radiative flux equa-
tions in order to obtain expressions for § and to evaluate
fo. Noting that § = (I~ — I%), we integrate Eq. (5a) to
obtain

where
Co = 4s 4 1Q + 326
C; = 58 4+ 3:Qs -+ 646s (10b)
Co = 2s% 4+ (352 — 1)1 4 326s2

We note that the {oes terms arise in Eq. (10a) because the
steady-state temperature profile in zone 4 is not flat as it
would be for a nonradiating gas. Instead, there is a (small)
“hump” of magnitude {oes=in this profile. In order to obtain
an approximate solution to Eq. (10a), we shall take advantage
of the fact that the radiation hump is small by first deter-
mining the solution that would pertain in the absence of the
temperature hump, and then correcting that solution by
evaluating the perturbation caused by the hump. This will
permit us rather easily to develop an approximation which
will be valid through 82 terms.

Zero-Order Solution

The solution that would pertain in the absence of the hump
will be referred to as the “zero-order” solution. In order to

g/mCyTy = §oe (9a) determine it, the {oes* terms of Eq. (10a) are dropped. Then
0 and u satisfy the differential equation
_[d/de —1Q po :I |: 1Q ]g
0= [ 0[(d2/dz* — 1)(d/dz + i9) + 86(d2/dz2)]][ go [ TLo ly (11a)

which takes care of the form of g. Evaluation of {, is not
quite so simple.

The solution to Eqgs. (5a, 5b, and 5¢) is not specified en-
tirely by the boundary conditions at 2 — o [as given by
Egs. (6a, 6b, and 6¢) |, because it depends also on the fraction
of radiant energy which is absorbed by the propellant sur-
face. Thus, we shall characterize the surface by a reflection
coefficient R, viz.,

I_0+ = R*jo'_ or go = (1 - R*)jo_ (gb)
Equations (5b) and (5¢) are easily integrated (using an
obvious integrating factor for each equation). KEach solu-
tion consists of a particular integral and a solution to the
homogeneous equation. When these solutions are substi-
tuted into Eq. (5a), it is found that the coefficients of the

homogeneous solutions must be equated to zero, and one ob-
tains

8{1 + [450/(s + Dle=} + 0(6%  (90)
8{1 — [5o/(s — Dle} + 063 (9d)

+/m

CoTs
f_/meTb

I

The general solution will be the sum of a particular solution
and a solution of the homogeneous equation. Particular
solutions are easily found to be

6, = 0 Up® = —5Qe(e/y) (11b)

where the subscript p denotes the particular solution. The
homogeneous equations are constant coefficient differential
equations, whose solutions will be of the form ¢™?. Thus,
we will write

AO = p,® Z oy @t
»

and a similar equation for §®. (In these expressions, the
un,® are constants.) The zero-order homogeneous solutions
obey the equation

1S _@Q ,U'hV(O)
0= [ 0 (82— (s, + 1) + 858,2][0hy(0)] (11c)

where the subseript 4 denotes the solution of the homogeneous
equation. To obtain solutions such that px.©® and 6, do
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not vanish identically, the determinant of the coeflicients
must vanish, giving the dispersion equation

s,[(s,2 — 1)(s, + 1Q) + 88s,2] = 0 (11d)

to which there are four roots. One of these roots has a posi-
tive real part that can arise only from a downstream source
and is thus not physically allowable for the present problem.
The remaining roots are (to order §2%)

s, =10 83 = —iQ(1 + Ay
(11e)
s = —(1+ Ay
where

Ay = —[869Q/(1 + Q@)][1 — 166:Q2/(1 4 Q2]
Ay = [48/(0 ~ Q{1 + 26(1 — 39Q)/(1 — +2)?]

If the pressure had not been taken uniform over zone 4, the
root s; would have been split into two (nonzero) roots cor-
responding to left and right traveling acoustic waves (cf.
Ref. 3). The root s; represents the traveling entropy wave
discussed, for a nonradiating gas, in Ref. 3. The root s rep-
resents a highly damped solution peculiar to radiating gases.

The relationships between the zerc-order solutions of the
homogeneous equation are readily found using Eq. (11a),
namely,

wis® = (4€/835)01®
(11£)
pnt = (1Q/5)014® 0:® = 0

Perturbation Solutions

Now we shall perturb each of the zero-order (no ‘“hump’”)
solutions by taking into account the terms that arise from the
temperature “hump.” It may easily bec verified that to
second order in 8, the solution for & and § may be written
in the form
B= s+ mOfe + 2 , € Lopnn el 7]

v=2,3,
with an analogous expression for . Here, u,® and u,® will
be functions of 2, in general, but ;@ and up, " are constants.
The equations satisfied by the perturbed quantities are
readily found to be

0= [(sy + ) —iQ
0 {[(ss + 82— 11(s, + s + 1Q) + 85(s, + 92}

0 — |:d/dz —1Q }[ upMese
= L0 [(@/d? — 1)(d/de + iQ) + 85(d2/d=)] || 6, wes=

Mp(o)
8,®

The solutions to Eqgs. (12a) and (12b) are
05, _ (=) 8,4 + C38,% + (18,2 4 Cos, — 1€2838s?)
00 ® ~ 5,1((s + 97— Vs, + s + i) + 85(s, F 7]
v =3,4] (12¢)

wC, Ty s+ 1 @s + 1)2

2s + 1

46§ 0ses s{oes?
1— ) sv2g, (0
0G4 D [ }um + 4ay=2;,4e Ons {8
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0h2<1> = - (S/’LQ) [.L)Lz(m (12d)

:u‘hy(l)/ohv(o) = [19/(8,, + 8)]6}111(1)/6}“1(0)
b = 3,4] (12¢)

Ha® = — up® (12f)
0,0 = sz(é/y) + Bs/iQ[(y — D/v]e (12g)
up® = (i — tQ/s)(&/v) + 3[(y — )/vI]¢ (12h)

The preceding equations show that the solutions for § and
i to order §%are

= —wa® [<i> s“oe"] + 92 00 X
?/Q »=3,4

o (2) s o) ()1

(13a)

A= wa®l — =] + { <m> 01, @e™* X
v=3,4

[+ (o)) e ) 0
(=56 1505

It should be noted that the perturbation method need not
be carried beyond this solution, since the next order of ap-
proximation will introduce terms proportional to 6. [This
follows from the fact that T = To(1 + e + 6° terms). ]
Before the fourth linear relationship that was required in
Sec. II can be obtained, the time-dependent radiative fluxes
at z = 0 must be found. Now Eqs. (4g) and (4h) are easily
integrated since we know @, T, I+, and I=. Thus, into Eqs.
(4g) and (4h) we substitute T ~ Ty(1 + {es) and [from Egs.
(9e) and (9d)] dit/dz = mC,Ts[450/(s + 1)]ess and dI ~/dz
= —mC,T[(45)/(s — 1)]es. [Note that care must be
exercised in connection with df +/dz, since {o/(s + 1) is of
order unity rather than ¢.] As a result, the solution for
I+3+ turns out to be somewhat more complicated than the
solution for 7=9—. In particular, terms in [6{02/(s -+ 1) e
will appear in I+3+, whereas [8{%/(s — 1)]e?* terms are of
order 83, and thus need not be retained in solving for 7-9 1.

wrp 0 0 I
81, ] Tl =865 [5,8 + Cos,2+ Cis, + OOJ[ 01,0 } (122)

] e %[ Sost 09050 + CldP/dd) + O/ + 001] X

+ [—(ss Lt 21’&232)}% + [24%s2j|[(7

- 1)/712} (12b)

As in the steady-state case, particular and homogeneous
solutions are obtained for I+d+ and I-9=, and again the
coefficient of the homogeneous solutions must be set equal
to zero. The final result (as may easily be verified by
substitution) is

T+ 45 [ - Dol be - 116“] € 4 s [1 +

3{oses? 4¢oes2 _ 3s2¢o%e % ] v - 1> -
Qs+ s+1 Qs+ e+ I\ ¥ /€
1 48057 s{oes? +

,+1 s, s+ 1

Ghv(l) |: foe"z
ohu(o) (SV + 8 + 1)

G+ D@ +s+ 1D
8§-02625z

s+ s + 25 + 1)} (143)

i—ga _ 46‘(0823 sz [ € 3?086“ _ 4?06“
mC, Ty~  s—1 <7>+45|: WWs—1) s-—1

7—1>E+

48 oee sEoes By (0

46§ qsee © { 1
— —_ 45 Sp2 0)
00 — 1) Mo v=23:,4 €0y, » +

s, — 1 s,,—I—s—l—

g‘oesz .
C— D ts—1 " 6,0 (s—m} (140



424 CANTRELL, McCLURE, AND HART

When Eqs. (13a, 13b, 14a, and 14b) are evaluated at 2
0, and when it is recognized that
qu = jo—g_ - I-0+j+ = (1 — R*)jo—g— = _
(1 = Ry)/Rsullo%d0*
there are four linear algebraic relations in the seven gquanti-
ties 6y, o, dgo/MC T, € 015®, 8@, and p®.§ From these
equations, the last three quantities can be eliminated to ob-
tain a linear relationship among the other four. This is a

tedious, but straightforward, procedure that is not repeated
here. To second order in 4, the relationship is

3 o 403 +11Q) 20 3
0= mC,T, {1 to <(1 + (1 — Q)2 fo (1 + m)}
32(Q(1 + 3iQ) ) 3

% 450
s {1 T T % ((1 1091 — i)
12 vy—1._
§°2<<1 e T zm)} Ty EX

16:2(3 + 0
{4“ + ‘m(a T = isz>2> -

(k% D _
—$o <m -3 T0> $a
1 -8
0=
1 0
mic(l — Ey) mCpTo(1 + Ey)

2(3 + 419) - 2%°
() - o e o

[Since dgo/MmC,Ts is of order 6, only terms through the first

power of § need be retained in its coefficient in Eq. (15).]
The essential step remaining in the determination of the

required fourth linear equation is the elimination of the

ATAA JOURNAL

¢t T
5 T—J (172)

MGy g B
mCpTo C,To
where
L =1+ /4 + 6Q/(1 + Q) +
G5 + 200 + Q%) /42 4+ 1)  (17Th)
& = iQ 4+ 400Q/(1 4 1Q) — {1 + 262)/2(2 + Q) (17¢c)

This result is an approximate solution, which is valid only
through terms of order 2. We have not expanded the result
in powers of 4, however, because this leads to a considerably
more unwieldy expression.

Since there are now four hnear equamons [Eqgs. (2¢, 2d, 3a,

and 17a)]in the 5 quantities dqo, g, Y, )\dGo, and Jy, it is now
a simple matter to calculate the propellant response function
fo/e.

V. Evaluation of the Response Function

The four equations that are to be solved for #,/¢ may now
be expressed in the matrix form#**

<o B . 1o y—1 Zf’ T
meTo b Ho fo 0% To &
- ¢ (18)
—B/X\ 0 Yd @y A
.
— 1 —meToJ .7’)—1, CpTo_J g 0 |

Obtaining the result is quite straightforward, and the de-
tails need not be presented here. A few intermediate steps
will be given, however, to assist the reader who might wish
to verify the solution. From Eq. (18), fio/€ may be expressed
as the ratio of two fourth-order determinants. Expansion of
these determinants, and division of each by [8 + aC,To(1 +
Ey) /3] leads to

BmC, Ty v — 1
7 4G = &) = fofa T Tos
Ho _ _ _’Y
€ _ Bmﬁc [CpTO(l + E,) + B3C(1 — El)] +¢ <BmOpTo>l: 3 _ @Tj " [1— a(l — E)jac
h-bh-6& B3¢ + aC,To(1 + Ey) DY C,To~ 27T, " B3 + aC,To(l + Es)
(19a)
- If we note that
variable B B - i
b= s — (v — D/71E (16a) CoTo(l + By) + B3CQH — By) _ BT+ + B3C 4 C,T, (19b)
and the determination of ¢, in terms of quantities at the BI + aCyTo(l + By) B3 + alyTy
solid-gas interface (subscript 0). This procedure is necessary and
since the first three linear equations [Eqs. (2¢, 2d, and 3a)] :
are stated in terms of the values assumed by the various I —al—E)se __ Jy & n
unknowns at the burning surface. Integration of the energy B + aC,To(1 4 Ey) ¢, Ty C,T,
equation across zone 3 yields se [BJ. + B3+ C,T,
. oo et ) 0%
By = (To/ T — NGo/mC, T, + B ~ Lol B aCyTo
ﬁﬁ[(mgc - qo)/meTf] (16b) where’r’r
Substitution of Egs. (16a) and (16b) into Eq. (15), using B 1 — A
T, = T,(1 + {o) and (go/mC,Ts) = {o, and retaining only Jp = C(To — T +

terms through order 82, gives for the fourth linear equation

qu Tb"y o
el - T b ] - ol +

€ 1t should be recalled that the ratios 65,0/, for v = 3, 4,
which oceur in Eqgs. (13) and (14), can be evaluated by Eq. (12¢)
and are therefore not unknowns.

0.._.

A

** The first row of the matrix equation is Eq. (17a); the
second Eqg. (2d), the third Eq. (3a), and the fourth Eq. (2¢).

1t The quantity J+ is identical to the same quantity which
appears in Ref. 2 if the solid propellant in Ref. 2 is regarded as
incompressible. Qur notation is slightly different, however.
In Ref. 2, our A is denoted by «, and our « has been set equal to
—1.



MARCH 1965

(1 — a)3 + aCu(To — T)(A — 1)/A
[35(3 + OleTo + aO,To(A - 1)

(19d)

and further, if we use the expressions for 4, B, &, &, X, Fr,

and Fir, we may express the final result in a form somewhat
like that of Ref. 2, viz.,

C.To(A — 1) {

= (20a)

I-Zo — 74 (Q)
€ 1 + .]* (Q)J+<w)/CaTc

where

B iv— 10T 40
”*‘"{1+X[n v O, 1+ 40

46 $o(6 4 1)
<1 — 4XG + T30+ e + i(l)) +

(1 + Q)2
C,T, 2:Q ]} (20b)

Yoo 2 &7
8 0T T+ @

85¢0

.{1 _ 210X n

Jx =17 1+m[2§°+(1+m)2

11+ 1002 — 32* . C,T, i
§02<(2 o0 fa Y Cm)] T 166X o 29}
(20¢)

The calculations for fy/é are now complete since J is known
from Eq. (19d) and the remaining parameters are funda-
mental properties of the propellant and its gas, except for
o, which is given by Eq. (9e). It is rather satisfying to note
that in the limit of no radiation (6 — 0, {; — 0), or perfect
reflection at the burning surface (Ryx — 1, {o — 0), the result
as given by Eq. (20a) correctly becomes identical with the
result of Ref. 2 for the case of an incompressible propellant
and a nonradiating gas.

VI. Discussion

Since the primary purpose of the present paper is the
presentation of the details of the calculation of fi,/€, and since
Ref. 5 discusses the quantitative features of the result in some
detail, we shall limit our discussion for the most part to the
qualitative aspects of the solution.

As one might expect, the final expression for the mass re-
sponse of the propellant (i.e., for fio/€) is sufficiently compli-
cated that one must, in general, resort to a numerical study
of its implications. There are, however, some features of
the effect of radiation which may be obtained by inspection.

First, it may be noted that in the limit of zero frequency,
the n* — n, and J,. — 0, so that the pressure response of the
propellant approaches the steady-state pressure index as it
must, because the theory here and in Refs. 1-3 has been care-
fully constructed so that fy/€ reduces to its empirically ob-
served value (n) at zero frequency. regardless of the mecha-~
nisms that actually determine n. As the frequency is in-
creased from zero, the radiation terms will begin to become
important when the dimensionless frequency Q = w/kis =
w/ks; becomes significantly large. (It will be recalled that
k; is the reciproeal of the mean absorption length for thermal
radiation, and 7, is the mean speed of the burnt gas leaving
the burning region.) Thus, for an absorption length of,
say, 1 em, and a burnt gas velocity of 500 ecm/sec, © becomes
equal to unity at about 80 cps. It is evident, therefore, that
effects of thermal radiation will appear in the low-frequency
regime, where theory that neglects radiation may be in diffi-
culty. As has already been mentioned, the radiative effects
vanish if the reflection coefficient of the surface is unity, or
if & = o Tt/mC,T, is negligibly small. We note that the
size of § decreases with increasing burning rate, and thus the
radiative effects will tend to be large in the low pressure
regime where the mean burning rate of propellants tends to
be small. Thus, radiation effects will evidently tend to be
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greatest for just those conditions which are of most concern
to us here.

One further observation regarding the solution may be
made by considering the frequency domain for which Q is
large, where

ne = n + 4 X[(y — D/vI(CT0/C.T50 +
2X5(CoTo/CTo{n — [8(y — 1)/v1X}50* (21a)
JF=7 (1 — 4X¢ + 2X502(8X + jC,Th/C.T. — 3)] (21b)

(It should be noted that @ can become reasonably large, and
we may still satisfy our approximation that the absorption
length is short compared to the acoustic wavelength.) Thus,
for such frequencies, the propellant response is given by an
expression of the same form that pertains in the absence of
thermal radiation, except that ny and j, must be used in-
stead of n and j. In this frequency domain, therefore, the
qualitative results of the nonradiative theoretical treatments
will remain valid.

In order to illustrate in detail the effects that absorption
of thermal radiation might have on the propellant response
function, we have evaluated Eq. (20a) numerically for several
possible values of the parameters. Examples of these results
were given in Ref. 5 (Figs. 4 and 5); there we plotted the
real part of fo/€, which represents that part of the mass re-
sponse that is in phase with the pressure, and thus contributes
to the amplification or attenuation of sound by the burning
propellant. These results show that radiation could indeed
be responsible for a considerable enhancement in propellant
response in the low frequency regime under conditions when
the mean burning rate is relatively low. Unfortunately, the
values of the parameters that would be required in order to
complete a quantitative comparison with experiment are
not available to us.

In conclusion, it seems appropriate to recognize some of the
limitations imposed by the approximations we have made.
It will be noted that in order to carry through the solution of
the basic equations, we have assumed that the influence of
thermal radiation was relatively small in order to utilize
perturbation methods. It turns out, however, that the
radiation effects are not necessarily small. One conclusion
that may be drawn from these considerations is that a more
realistic treatment of thermal radiation effects is desirable.
In view of the complexity of even the present treatment,
however, it would seem inadvisable to attempt such a treat-
ment by extending the perturbation approach.

A quantitative estimate of the limit of validity of the pres-
ent perturbation method may be obtained by estimating the
magnitude third-order term in n, and ji, and requiring that
it should be less than 1%. Thus, we will require that the prod-
uct of the first-and second-order terms in 7. and j; be less
than 4. The requirement on j, turns out ordinarily to
lead to the more severe criterion, namely,

o > 4.32(04ToY/ p.C, To) [72(1 + 5C,T5/C T.) M3

Thus, for example, if T, = 2400 °K, C, = C, = % cal/gm-
°K, ps = 1.6 gm/cm?, T, = 3000 °K, j = 1, we estimate that
the present perturbation method would become invalid for
burning rates less than about 0.13 in./sec.

Appendix

In the preliminary treatment of zone 3 for the time-
dependent case, it was stated [see Eq. (3a)] that the adiabatic
response of that zone to time dependent fluctuations implies
a relationship of the form

o = AE + B dG, (Ala)

where B B
A = (P/m)(0m/oP)a, (Alb)
B = (1/m)@m/2C) s (Alc)

In this Appendix, we shall caleculate A and B.
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Four equations are to be utilized in the determination of
A and B: 1) the adiabatic relationship between the incre-
ments of mass flux, heat input, and temperature at the left-
hand boundary of zone 3, i.e., Eq. (2d); 2) the steady-state
form of the incremental boundary condition at the left-hand
boundary of zone 3; 3) the steady-state perturbed form of
the equation expressing the radiant heat flux at the solid gas

Fu 0 (CT/C,TyFr —1
0 = | % mCTe —mC.T, —1

1 -8 0

1 0 —

interface, i.e., Eq. (9a) evaluated at z = 0; and 4) the per-
turbed form of the empirical steady-state burning rate
equation

i« PoT,i (A2)

These four equations easily may be expressed in terms of six
(unknown) incremental quantities, namely, dn/m, dT/
Ty, dT./T., d7, dGo, and dP/P. Since [see Egs. (Alb) and
(Alc)] we are looking for the ratio of two of these quantities
with a third quantity held fixed, these four equations will
suffice. Equation (2d) is already in incremental form. The
second equation is easily obtained by inecrementing Eq. (2a)
and eliminating dGos by using the expression NGos = WC, (T
— T, which is obtained by integrating the steady-state
energy conservation equation from 7 = T, to T = Ty It
will also be necessary to express Egs. (9a) and (A2) in incre-
mental form. The evaluation of Eq. (9a) at ¢ = 0 gives
g0 = $omC,Ts. If we use the definition of { in Eq. (9e) and
note that Eq. (6d) may be adiabatically perturbed fo give
C,dTy, = C.dT.,11 the perturbed form of Eq. (9a) at 2 = 0 is

dgo = Fuldm/m) + Fr(C,T./C,Ty)(dT./T.) (A3a)
11 This relationship is not immediately obvious from a cursory

examination of Eq. (6d). It must be recalled from Ref. 1
that dAH, (T.) = (Cp — C)dTe.

—a/mIC
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where
FM = —meTb(2§‘02) (Agb)
Fr = wC,To(450 + 650?) (A3c)

Adiabatic perturbation of Eq. (A2) is trivial. In matrix
form, then, the four equations are’t

an/m
0 0 dTy/ Ty
-1 0 T/ T. 4
—a/mie 0| dg A9
dp/P

where we have used the relationship 3¢ = C,To + h =
NG + Go.

The coefficients A and B can be obtained from Eq. (A4)
by using the definitions of Eqs. (A1b) and (Alc) in a com-
pletely straightforward manner to obtain the results stated
in Egs. (3b—3e).
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